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ABSTRACT. The paper presents numerical and semi-numerical simulations of a double diffusive
magnetohydrodynamic boundary layer flow of Williamson nanofluid over a linear stretching surface.
The analysis incorporates the combined effects of velocity and thermal slips, porosity, chemical reaction,
diffusivity ratio, heat capacity ratio and internal heat source/sink. Using suitable similarity variables
the leading partial differential equations are transformed into a self-similar system of coupled nonlinear
ordinary differential equations. These equations are solved using the robust Keller box and Haar wavelet
collocation methods. Both methods exhibited excellent numerical symmetry with each other as well as
the prevailing literature. The influence of involved thermophysical parameters on velocity, temperature
and concentration fields is presented through tables and graphs. This analysis reveals that boundary
layer thickness reduces due to the rise in slip parameters, while higher Williamson parameter enhances
both temperature and concentration profiles, accompanied by a reduction in the skin friction coefficient.
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1. INTRODUCTION

The study of nanofluids holds immense potential for modern thermal optimization techniques to
enhance the heat transfer efficiency in various fields, ranging from electronics to renewable energy. The
study of nanofluids was initiated by Choi [1] and Eastman et al. [2]. Nanofluids are the engineered
colloidal suspensions of 1-100 nm nanosized (Taylor et al. [3]) metallic particles of aluminium, copper,
iron, gold or their oxides etc. in a base fluid such as oil, water, toluene, or ethylene glycol to improve
thermophysical properties of the conventional base fluid. Choi [1] conceived that the addition of
nanoparticles to the conventional liquids increases their thermal conductivity. Further, Eastman et
al. [2] acheived a twofold heat transfer efficiency by adding less than 1% of nanoparticles to the base
fluid. Buongiorno [4] revealed that Brownian diffusion and thermophoresis stand as the significant
slip mechanisms. Among the seven available mechanisms, it is capable of inducing relative velocity
between nanoparticles and base fluid. Corcione et al. [5] studied nanofluid natural convection within
a differentially heated enclosure using Buongiorno’s model and observed dual-phase mixture approach
outperformed the single-phase model in accuracy. Rana and Bhargava [6] demonstrated the nanofluid
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model by elaborating the consequences of thermophoresis and Brownian motion on nanofluids. Xuan
and Li [7] discussed convective heat and mass transfer characteristics of nanofluids. The non-Newtonian
nanofluids adapt their viscosity based on external forces rather than adhering to standard fluid dynamics
principles. Their unique ability to shift from fluid to solid-like states in response to stress has led to
diverse applications (Wong and Leon [8]) in various industries such as food industry, metal extrusion,
glass manufacture, and crude oil purification, etc. Krishnamurthy et al. [9] classified Williamson
nanofluid as a visco-inelastic fluid. The core advantage of Williamson nanofluid stems from its ability to
significantly enhance thermal conductivity and heat transfer efficiency in comparison to the base fluid
alone. This improvement is attributed to the nanoparticles’ high surface area to volume ratio which
facilitates more effective heat transfer between the fluid and its surroundings.

The boundary layer flow problem on a flat plate was studied by Blasius [10] through similarity
transformation. Ramesh et al. [11] investigated convective boundary conditions in Sakiadis and Blasius
flows of a Williamson fluid. Awati et al. [12] discussed heat and mass transfer features of nanofluid
over a nonlinear stretching sheet using the Haar wavelet collocation method (HWCM). Further, Awati
and Mahesh [13] extended the work of [12] to a semi-infinite static and moving flat plate. Liao [14]
examined the boundary layer flow problem over an impermeable stretching sheet using the Homotopy
analysis method (HAM). Khan and Khan [15] investigated boundary layer flows of a non-Newtonian
Williamson fluid using HAM and concluded that boundary layer thickness is inversely proportional to
the Williamson parameter. Crane [16] derived the exact analytical solution of boundary layer flow over
a stretching plate. Magneto-hydrodynamics (MHD) plays a vital role in controlling the fluid flow and
heat transfer by applying a magnetic field to electrically conducting fluids. Ishak et al. [17] extended
the work of [16] and studied heat transfer through MHD flow over a vertically stretched sheet. Nadeem
and Hussain [18] scrutinized MHD effects on Williamson nanofluid flow over a heated surface. Kumar et
al. [19] examined the three-dimensional MHD flow of chemically reactive Williamson fluid by considering
non-uniform heat absorption and generation.

The transfer of heat energy occurs due to the temperature difference between connected objects. The
rate of heat transfer as well as prevention of thermal loss, has become a common and important aspect
in various fields like electronic packaging, reactor cooling systems etc. Grubka et al. [20] explored
the heat transfer characteristics with variable temperature on a uniform stretching surface. Later,
Chen [21] presented the effect of Prandtl number and buoyancy force on the heat and mass transfer
over a continuously stretching vertical sheet. Rosali et al. [22] demonstrated the micropolar fluid flow in
a porous medium towards a permeable stretching/shrinking sheet. Hayat et al. [23] studied the MHD
flow and heat transfer on a permeable stretching surface with slip condition. Yasin et al. [24] continued
the work of [22] with the radiation effect. Nazir et al. [25] studied the non-Fourier heat and mass
transfer through chemically reactive hybrid Williamson nanofluid with Forchheimer porous medium.
Further, Awati and Goravar [26] semi-numerically investigated chemically reactive MHD nanofluid flow
over a non-isothermal porous medium. Awati et al. [27] scrutinized the Chebyshev collocation method
for mass transfer over a continuously moving flat plate in the presence of chemical reaction.

The governing equations of non-Newtonian fluid flows are generally nonlinear and finding their
analytical solution is quite challenging. Among various numerical and semi-numerical schemes, the
Keller box method (KBM) and the Haar wavelet collocation method (HWCM) are robust techniques to
solve such problems. Ramya et al. [28] illustrated the heat and mass transfer of viscous nanofluids with
thermal wall slip effect using the KBM [29]. Bilal et al. [30] numerically explored the thermal stratified
flow of Williamson fluid over a cylindrical surface via KBM. In recent years, wavelet techniques have
been extensively used to solve complex linear and nonlinear differential equations. The wavelet method
was first introduced by Haar [31]. Further, Grossman and Morlet [32] scrutinized the wavelet functions
and their mathematical properties. Chen and Hsiao [33] derived the Haar wavelet operational matrices
to obtain the solution of differential equation. In continuation of [33], Lepik [34, 35] presented the
solution with uniform and non-uniform grid respectively. Awati et al. [36] demonstrated the spectral
and Haar wavelet collocation methods to obtain the solution of MHD micropolar nanofluid flow with

Copyright ©) by Premier Transactions Press.



CANADIAN TRANSACTIONS OF MATHEMATICAL COMPUTING 1 (2025) ARTICLE 25010/ 3

the effects of heat generation and viscous dissipation. Recently, Awati et al. [37] investigated two-phase
MHD nanofluid flow over a stretching permeable sheet of varible thickness using both KBM and HWCM.

The above literature review highlights the Williamson nanofluid flow over stretching surface have
been studied extensively. The comparative numerical simulation using Keller box and Haar wavelet
collocation methods for transport problem of Williamson nanofluid has not yet been adequately reported.
This paper addresses the gap by investigating the heat and mass transfer characteristics of a double
diffusive Williamson nanofluid flow over a porous stretching sheet with variable wall temperature. The
novelty of the present work is further strengthened by incorporating the combined effects of velocity
slip, thermal slip, Brownian motion, thermophoresis, chemical reaction, heat generation/absorption and
transverse magnetic field. The self-similar ordinary differential equations (ODEs) are solved by using
Keller box and Haar wavelet collocation methods. The analysis reveals that, physical parameters have
a notable impact on fluid flow. It is expected that, outcomes of this paper not only complement with
the existing research but also provides valuable perspectives for industrial applications. The paper is
organized as follows: Section 2 presents mathematical formulation, methods of solution in Section 3,
result and discussion in section 4 and conclusion in section 5.

2. MATHEMATICAL FORMULATION

Consider a steady state, incompressible flow of a two-dimensional Williamson nanofluid over a
stretching surface. Let Uy () = bx is the linear velocity on stretching sheet (b > 0) where z represent
the co-ordinate measured along the elongating surface. Let y denotes the co-ordinate measured normal
to the stretching sheet at * = 0. The physical model is depicted in Figure 1. C,, is uniformly distributed
constant nanoparticle volume fraction and T, = T +az? is a variable wall temperature at the stretching
surface with constant a. T, and C'» denotes the ambient temperature and nanoparticle volume fraction
far away from the sheet.

Tm Fl CCD
0 L] o i
. Concentralion boundary layer
[ ]
. > . Thermal boundary layer
) " Momentum boundary layer
L ® ° [ ]
* &Nanopzu'ljcles
N
0\/ — = b — —— Stretching sheet

FIGURE 1. Geometrical representation of the flow

The leading equations for two-dimensional boundary layer flow of non-Newtonian Williamson
nanofluid can be expressed as Kho et al. [39]

$+$:@ (1)
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The appropriate boundary conditions for the physical problem becomes

T
U—Uw+€*M;}L7 v=0, T=T, +/3 ay? C=0C, at y=0, (5)
u—0, T—oTy, C—Cx as y— o0, (6)

where (u,v) are the respective velocity components of fluid along x and y directions. Let 7' denotes
temperature and C' is the nanoparticle volume fraction. p is the density of nanofluid, u denotes the
dynamic viscosity and v represents kinematic viscosity of the nanofluid. Further, I, By, o, K, o, Dp,
D, Q and R respectively denotes the time constant, magnetic field constant, electrical conductivity,
permeability of porous medium, thermal diffusivity, Brownian diffusion coefficient, thermophoresis
diffusion coefficient, heat source/sink parameter and chemical reaction parameter.Physically, @ > 0
shows the heat generation whereas () < 0 means the heat absorption. Also, (pC), is the heat capacity
of nanoparticle material and pC' is the heat capacity of the base fluid. £* and 8* are the velocity and
thermal slip parameters respectively.

The suitable similarity transformations [24] exists for the governing Equation 1-Equation 4 are given
below

Ty — Too 0 )_maﬁz ;Z/- (7)

Here prime denotes differentiation with respect to n. Using Eq. (7) which trivially satisfies the continuity
Equation 1, and reduces Equation 2-Equation 4 to the following self-similar equations

"4+ L+ Af”f’” — ()’ = (Mn+Pt)f =0, (8)

Ne
/! / /
0" + Pr(fo — 2f6)+—9¢+thL

9” + Scf¢’ — (ScRe)p = 0. (10)

{u:bmf'mm:—@f(n),e() - €= Cx b }

(0")2 + (HgPr)0 = 0, (9)

¢// + b
The pertinent boundary conditions (5)-(6) become
f(0) =0, f(0)=1+&f"(0), 0(0)=1+p6'0), ¢(0)=1, (1)
f'(00) = 0, 6(c0) =0, ¢(c0)—0,

2
where A = ?F x (non-Newtonian Williamson parameter), Mn = % (Magnetic parameter),

Pt = 3% (porosity parameter) , Pr = £ (Prandtl number), Nc¢ = Mg_c‘”) is the heat
capacity ratio parameter which accounts the contribution of nanoparticles in thermal energy storage,

Nb = % is diffusivity ratio parameter signifies the combined effect of Brownian diffusion

and thermophoresis in nanoparticle transport, Le = DiB (Lewis number), Hg = bpc (heat source/sink
parameter), Sc = = (Schmldt number), Rc = % (chemical reaction parameter), £ = g*u\/; is the

velocity slip parameter and 8 = ﬂ*\/; is the thermal slip parameter.

The interesting dimensionless physical parameters viz. Skin friction coefficient C'y , Local Nusselt
number Nu, and Sherwood number Sh, are given below

_p | Ou L /[ou)? - —-1/2 A "
=50z |+ (@) ] - e 14 5570) 70,
B —kx oT . /201
Vi = g (G )., = e 00 "

__ = (9O p 2y
St = ey (By)_, = 190

Here, Re, = (b/v)xz? is the local Reynolds number.
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TABLE 1. Numerical Comparison for —6'(0) varying Prandtl’s number with Le — oo,
Nby o0, 6E=8=A=Mn=Pt=Hg= Rc= Nc=5c=0.
Pr  Zeeshan and Majeed [38] Grubka and Bobba [20] Present work

RK method OHAM Series solution KBM HWCM

0.72 1.08853 1.08853 1.0885 1.08853  1.08848
1 1.33333 1.33334 1.3333 1.33333  1.33323
3 2.50972 2.50972 2.5097 2.50972  2.50931
7 - - - 3.97151  3.97143
10 4.79687 4.79687 4.7969 4.79687 4.79614
100 - - 15.7120 15.71204 15.71377

TABLE 2. Numerical comparison of f”(0) varying slip parameter with 8 = 1, A = 0.5,
Pr=7TMn=Pt=Rc=Hg=0, Nc=2.5, Nboy =2, Le =10, Sc = 5.

Kho et al. [39] Present work

13 Shooting method KBM HWCM
0.25 -0.824627 -0.824627 -0.824225
0.5 - -0.633138 -0.632798
0.75 -0.521313 -0.521314 -0.521006
1.0 - -0.446071 -0.445785
1.25 -0.391317 -0.391317 -0.391048
1.5 - -0.349397 -0.349142
1.75 -0.316124 -0.316124 -0.315880

3. METHOD OF SOLUTION

It is quite challenging to determine the closed-form solution of coupled non-linear ODEs (8) - (10)
with mixed boundary conditions (11) through analytical methods. Thus, numerical and semi-numerical
strategies are used to determine the solutions of the flow problem through Keller box and Haar wavelet
collocation methods.

3.1. Keller box method (KBM). KBM is one of the most elegant and fast converging numerical
techniques for solving nonlinear boundary value problems involving intricate geometries. KBM [29] is
an implicit finite difference iterative scheme advanced by Newton’s quasi-linearisation technique. KBM
consists of discretising the domain into mesh points and proceeds iteratively to solve the unknown
values at each mesh points. Cebeci and Bradshaw [40] and Na [41] outlined the elaborative steps
involved in the KBM for solving various types of problems, emphasizing its accuracy, especially in
handling parabolic problems. The principal steps used to solve system of ODEs (8) - (10) with pertinent
boundary constraints (11) are as follows

i) The system of higher order differential equations is transformed into system of first order ODEs.
ii) The dependant variables and their derivatives are replaced by corresponding average and finite
difference formulas respectively to obtain the nonlinear system of algebraic equations.
iii) The system of non-linear equations are converted into a system of quasi-linear algebraic equations
by using Newton’s quasi-linearisation technique.
iv) Block tri-diagonal elimination technique is used to solve the algebraic quasi-linear system of
equations.

The convergence of Keller-box method is significantly depends on the initial approximations, which
must satisfy the boundary conditions of the problem. In the present study results are obtained using a
step size h = 0.001 adhering to the error tolerance of 10~® which ensures that most of the results are
correct up to four decimal places.

3.2. Haar wavelet collocation method (HWCM). The integration domain [A, B] of the problem is
descritized into 2M subintervals of equal length An = %—X/[A. According to Lepik [34], the Haar wavelet

Copyright ©) by Premier Transactions Press.



6 CANADIAN TRANSACTIONS OF MATHEMATICAL COMPUTING 1 (2025) ARTICLE 250104

TABLE 3. Computation of results for Local Skin friction, Nusselt number and Sherwood
number respectively with Le = 10,S¢ =5, Mn = 0.5, Pt = 0.5, Hg = 0.5, Rc = 0.5 and

—/"(0) —6'(0) —¢'(0)

13 B A Pr Nc Nby KBM HWCM KBM HWCM KBM HWCM
17 1 05 7 25 2 039013 0.39013 0.58867 0.58867 1.62677 1.62676
1.25 0.49310 0.49310 0.62554 0.62553 1.64163 1.64162
1.0 0.57022 0.57022 0.65103 0.65102 1.65664 1.65664
0.75 0.67945 0.67944 0.67469 0.67469 1.67750 1.67750
0.5 0.85005 0.85004 0.69941 0.69940 1.70863 1.70864

0.2 1.57732 1.57726 1.45101 1.45105

0.4 1.20168 1.20164 1.56100 1.56103

0.6 0.96988 0.96985 1.62906 1.62908

0.8 0.81281 0.81279 1.67524 1.67527

1 0 0.77658 0.77658 0.71303 0.71302 1.73399 1.73401

0.5 0.85005 0.85004 0.69941 0.69940 1.70863 1.70864

0.75 0.91215 0.91211 0.68711 0.68709 1.69062 1.69064

1 1.04645 1.04535 0.66014 0.66015 1.66260 1.66263

0.5 0.85005 0.85004 0.61447 0.61446 1.75404 1.75406

0.67813 0.67812 1.72140 1.72142

0.71681 0.71680 1.69755 1.69756

0.74389 0.74388 1.67914 1.67916

15 0.60210 0.60209 1.77419 1.77420
10 0.64214 0.64213 1.74839 1.74840

5 0.68091 0.68090 1.72184 1.72186

25 2 0.69941 0.69940 1.70863 1.70864
1.5 0.69887 0.69886 1.64024 1.64026

1 0.69779 0.69777 1.50418 1.50421

0.5 0.69449 0.69447 1.10182 1.10187

—_
~N S 0

functions are defined as

1, for n € [A1(3), A2(7)),

hz(n) = _17 for ne [A2(2)7A3(Z))¢ (13)
0, elsewhere,
where
Aq(i) = A+ 2kuAn, As(i) = A+ (2k + 1)uAn, As(i) = A+ 2(k + 1)uAn, (14)
for k =0,1,2,3,...,m—1and 5 = 0,1,2,3,...,J represents parameters of translation and dilation

respectively. Index 4 is given as i = k + m + 1, the parameter m = 27 (i.e., M = 27) is the highest
number of sequentially utilized square waves in [A, B] and k stands for specific square wave. The scaling
Haar wavelet function for ¢ = 1 can be stated as

1, ifne[A, B],
hi(n) = 15
() { 0, otherwise. (15)

For any square integrable and bounded function f(x) in the interval [A, B] superimposed into Haar
wavelet as

f@) =3 aihi(a), (16)
=1
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TABLE 4. Computation of results for Local Skin friction, Nusselt number and Sherwood
number respectively with & = 0.5,8 = 0.5, A = 0.5, Pr = 7, Nc = 2.5, Nb; = 2 and

—/"(0) —6'(0) —¢'(0)
Le Sc¢ Mn Pt Hg Rec KBM HWCM KBM HWCM KBM HWCM
1 5 05 05 02 06 085005 0.85004 0.68379 0.68377 1.93515 1.93515
2 0.88533 0.88531 1.84016 1.84017
) 1.20477 1.20475 1.76539 1.76541
10 1.07174 1.07171 1.73879 1.73881
1.06401 1.06399 2.33951 2.33952
1.06880 1.06877 1.95585 1.95586
1.07522 1.07519 1.49872 1.49783
0.5 1.08509 1.08506 0.89544 0.89547
1 0.92246 0.92243 1.04096 1.04093 0.89520 0.89522
1.5 0.98162 0.98159 1.03125 1.03122 0.89898 0.89899
2 1.03134 1.03129 0.95174 0.95174 0.90614 0.90617
05 0 0.75783 0.75782 1.12872 1.12870 0.90173 0.90173
1 0.92246 0.92243 1.04096 1.04093 0.89820 0.89522
1.5 0.98162 0.98159 1.03125 1.03122 0.89898 0.89899
2 1.03134 1.03129 0.95174 0.95174 0.90614 0.90617
0.5 0.2 0.85005 0.85004 1.08509 1.08506 0.89544 0.89547
0.1 1.11704 1.11701 0.87805 0.87808
0 1.14434 1.14431 0.86272 0.86275
-0.25 1.19955 1.19950 0.83069 0.83072
-0.5 0.6 1.24272  1.24267 0.80481 0.80484
0.4 1.24531 1.24526 0.60693 0.60696
0.2 1.24868 1.24863 0.36288 0.36292
0.0 1.25393 1.25387 0.00891 0.00894

N = O

where Haar wavelet coefficients a;’s are written as

. B .
a; =2/ / hi(z) f(x)dx, i=1,2,3,........ 2+ k+ 1. (17)
A

These a;’s are derived from the minimum threshold condition of integral square error i.e.

B
/ FE%dx — minimum (18)
A

and |Eg| = |f(z) — fu(x)|, fu(z) = %aihi(aﬁ) where f(z) and fy(z) are exact and approximate
i=0

solutions respectively. The n* order integral of Haar functions of Equation 13 is computed analytically

" Pn // ..... / (n_ll) /n(t—x)”_lhi(m)dx, (19)

n tlmes

where i = 1,2,3,......2M and n = 1,2,3,.....,N. This corresponds to a function h;(n) for n = 0 and
using the definition, this integral can be estimated as

0> [ 1 )a
P R for 11 € [Ax(i), Aa(i)),
Puil) =3 5 i = @ — 20— Ay, for 1 € [Aoi), Asli)), 0
I — Ay — 20— As(i))" + [ — As()]"). for g € [As(i), Bl
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Here i = 1 shows Ay = A, Ay = A3 = B and P,1(n) = &[n — A]". Thus, the formula (20) holds for

i1>1.m = % are the collocation points with [ = 1,2, 3, .....20M such that ] = A +[An denotes [th

grid point.

3.2.1. Solution methodology of Haar wavelet collocation method. The highest order derivatives present
in the system of Equation 8 - Equation 10 are given by

2M 2M 2M
() = Z aihi(n), 0"(n) = Z bihi(n), ¢"(n) = Zcihi(n)'

where a;, b; and ¢; are Haar wavelet coefficients. Successively integrating Equation 21 to obtain lower

order derivatives by utilizing boundary conditions (11). Further, letting 7., = 8" and C} = [ f/ P;(t)dt
we have

( )

1 2M 1 2M
1! 0 — — 1+ CLC/ , 9/ 0 = _ ]_+ bCl 9
f ( ) 5 + 5/ ZZI 1~ ( ) /B 4 B/ Zzl 1~
22
g (22)
¢ (0) = Z |1t > e
i=1
Using Equation 21 and Equation 22, system of Equation 8 - Equation 10 can be written as
2M . 1 2M 2M
. _
Zain—i— m 1+(f+2>£+5/ 1+Zai0 +ZCLZ‘R£
i=1 i=1 i=1
1 2M 2M 1 2M 2M
- ! - !
T 5 1+;(Iic —l—;aiPi + A T 1+;ai0 +;aiPi
/ 2
2M 1 2M 2M
XZ(I@HZl— 1+(§+771) {—i—ﬁ/ 1+ZCLZC +ZCL1R5
i=1 i=1 i=1
\ /
1 2M 2M
~(Mn+ PO+ (E+m) | o 1+ a0 | | +> aQl p =0, (23)
i=1 i=1

Copyright ©) by Premier Transactions Press.
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2M
-1
Zle+PT m 1+<§+m>§+6’ 1+Zaz +ZaiR§
=1

=1

1 2M 2M 1 2M
x 1+ b0+ bP Y —2Pr{1+(E+7 1+ a;C

2M 1 2M 2M
JrzaiQé}X 1+(ﬁ+nl) ﬁ+ﬂl 1+Zbic +Zlei
=1 =1 =1

Ne 1 2M 2M 2M
_ ‘ pl -1 pl
7R VR H;bzc +;bzpi g HZCZ el
2

Ne -1
1 b bPl

2M 2M
-1
+HgPr {1+ (8+m) 315 1-1-25@'0 -I-ZbiQé =0, (24)
i=1 i=1

2M 2M
~1
ZCZHZ-F ZbH +Seldm 1+<§+gl>£+ﬁ, 1+ aiC || +) R
i=1 =1

. 2M 2M 2M
x F 1+Zc, +Y Pl — ScRe 1—% 1+Y | +> a@ly =0, (25)
i=1 i=1 i=1

where | = 1,2,3,...,2M. H! = hi(n,), P! = Pi(m), Q' = Qi(nm;) and Rt = R;(n;) are the square matrices
of order 2M x 2M and C = C’f is a column vector with 2M elements. Typically, Haar and its integral
matrices exhibit sparsity.

4. RESULT AND DISCUSSION

The system of nonlinear coupled ODEs (8) - (10) with boundary constraints Equation 11 was solved
by using the Keller box and Haar wavelet collocation methods. Table 1 illustrate the validation of
the study as —6’(0) values obtained using KBM and HWCM exhibit strong numerical agreement with
Runge Kutta method [38], optical homotopy analysis method (OHAM) [38] and series method [20].
Further, the obtained values of f”(0) are compared with the shooting method presented in Table 2,
which gives an excellent numerical consistency with Kho et al. [39]. The influence of various physical
parameters on — f”(0), —0'(0) and —¢'(0) is featured in Table 3 and Table 4. The rise in the Williamson
parameter leads to a decrease in the skin friction coefficient. Thus, it can be used as a lubricant in
cooling systems, which is beneficial because the suspended nanoparticles remain in the base fluids for
a longer time and also improve the flow characteristics of the nanofluid. Moreover, an increase in the
Williamson parameter decreases both Nusselt and Sherwood numbers, decelerating the heat and mass
transfer efficiency at the surface.
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Figure 2-4 demonstrate the impact of velocity slip parameter £ on velocity, temperature and
concentration profiles respectively. It is noticed that both the velocity and temperature profiles reduces
with increasing values of £, whereas nanoparticle volume fraction increases with greater £. Figure 5,6
depict the effect of thermal slip parameter on temperature and concentration profiles. Both profiles
are enhanced due to the reduction in the thermal slip parameter. However, temperature variations are
more significant as compared to the concentration.
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The effect of Williamson parameter on velocity, temperature and concentration profiles is revealed in
Figure 7-9. It shows the rise in non-Newtonian Williamson parameter leads to an enhancement of the
temperature and concentration distributions while decreasing the velocity profiles. Figure 10 display a
decrease in the temperature profiles due to the higher Prandtl number. This is attributed to the fact
that, fluids with high Prandtl number exhibit high accuracy and low thermal conductivity. The effect
of Lewis number on temperature profiles are displayed in Figure 11. It demonstrate that, higher Lewis
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number results in a thinner thermal boundary layer. Since thermal diffusivity is relatively increased as
compared to mass diffusivity. The impact of heat capacity ratio parameter on temperature profiles is
depicted in Figure 12. It is evident that, temperature profiles increase significantly as heat capacity ratio
parameter improves. Figure 13-14 illustrate the effect of diffusivity ratio parameter Np; on temperature
and concentration profiles respectively. Both temperature and concentration profiles diminishes with
increasing value of Ny , but notable variations are noticed in concentration profiles as compared to
temperature. Figure 15 present the concentration profiles for different Schmidt number. It is seen that,
concentration profiles decrease remarkably for increasing the Schmidt number, which causes due to the
increase in momentum diffusivity and reduces mass transfer rate. Figure 16,17 demonstrate the effect
of magnetic parameter on velocity and temperature profiles. It shows the velocity profiles decreases
whereas temperature profiles increases with increasing values of magnetic parameter. Temperature
increases due to magnetic field induces joule heating within the fluid and velocity decreases as a result
of the Lorentz force induced by magnetic field. Figure 18,19 exhibit the porosity effects on velocity
and temperature profiles. The velocity profiles decreases and heat transfer increases with enhancing the
porosity of the medium. Figure 20 depict the concentration profiles against chemical reaction parameter.
It reveals that, nanoparticle volume fraction reduces with increase in chemical reaction parameter. From
Table 4, it is evident that, increase in heat generation parameter leads to minimizing the local Nusselt
number and augmenting the local Sherwood number. On the other hand, increase in heat absorption
parameter leads to increase the local Nusselt number and decrease the local Sherwood number.
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5. CONCLUSION

The present study explored the mixed convective MHD Williamson nanofluid flow over a permeable
stretching surface, incorporating various thermophysical parameters on heat and mass transfer. The
above investigation summarizes the following keynote conclusions

(1)

The proposed KBM and HWCM approaches ensured high accuracy with an efficient convergence
rate in fewer iterations.

An increase in the non-Newtonian Williamson parameter enhances both temperature and
concentration profiles of the nanofluid, while declining the velocity as well as skin friction
coefficient of Williamson nanofluid.

The rise in velocity slip parameter improves heat and mass transfer efficiency but decelerates
the nanofluid velocity.

A decrease in the thermal slip parameter intensifies temperature and concentration profiles of
the Williamson nanofluid. In contrast, an increase in diffusivity ratio parameter reduces the
heat and mass transfer.

An increase in Lewis and Prandtl numbers reduces the temperature distribution. Though
temperature increases with increasing heat capacity ratio parameter.

Increasing values of Mn and Pt decelerates the velocity but accelerates the heat transfer.
Moreover, nanoparticle volume fraction decreases due to increasing Schmidt number and
chemical reaction parameter.

An increase in the heat generation/absorption parameter yields a decrease in the Nusselt number
and an increase in the Sherwood number.
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