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ABSTRACT. An operator A € B(H) is said to belong to the von Neumann-Schatten
class B, (H), 1 < p < oo if the p-Schatten norm is finite

1A, = [tr (JA]")"P < oo

For A =(Ai,...,An),B =(Bu,..., Bn) € B (H) we define the noncommutative operator
Cebysev functional

Dy (A,B) = %;AiBi - %Z:IAZ%Z;BZ-.

and we provide several bounds for the p-Schatten norm [|Dy (A,B)||, with p > 1 in
terms of forward difference defined by AAy := Ag41 — Ak, 1 <k<n—-1,n>2.

2020 Mathematics Subject Classification: Primary 47A63; Secondary 47A60
Keywords: p-Schatten norms, Griiss’ inequality, CebysSev’s inequality, Norm inequal-
ities

1. INTRODUCTION

In 1935, G. Griiss [10] proved the following integral inequality which gives an approxi-
mation of the integral mean of the product in terms of the product of the integral means
integrals as follows:

b b b
i feswe - [@e s [ewa]  an

1
<7 (@-9) [T =)
where f, g : [a,b] — R are integrable on [a, b] and satisfying the assumption

Received: July 2026, Accepted: September 2026.
1



2 CANADIAN TRANSACTIONS OF FUNCTIONAL ANALYSIS 2 (1) (2026) ARTICLE 260102

p<[f(2)<® y<g(z)<T
for each = € [a, b] where ¢, ®, v, I" are given real constants.
Moreover the constant % is sharp in the sense that it can not be replaced by a smaller
one.
For a simple proof of (1.1) as well as for some other integral inequalities of Griiss’ type
see the Chapter X of the recent book [11] by Mitrinovi¢, Pecari¢ and Fink.
Let a = (a1, ...,an), b = (b1,...,b,) be two n-tuples of real numbers. We consider the

Cebysev’s functional

1 — e 1w
D, (a,b) := - E a;b; — - g ai E b;, n> 2. (1.2)
i=1 =1 =1

In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardzewski [3] established the following
discrete version of Griiss’ inequality, see also [11, Ch. X]:

Theorem 1.1. Let a = (ay,...,a,), b = (b1, ..., b,) be two n-tuples of real numbers such
that r < a; < R and s <b; < S fori=1,....n. Then one has the inequality:

D, (a,b)] < = 2] (1 1 [”D (R—1)(S ) (1.3)

n L2 n L2
1
< (R=1)(5-5),

when [z] is the integer part of x, v € R.

In 1981, A. Lupas [11, Ch. X] proved some similar results for the first difference of a
as follows :

Theorem 1.2. Let a, b be two monotonic n-tuples in the same sense and p a positive
n-tuple. Then

2

: . 1 -, 1 <n

0< 1;5%17{171 lait1 — aq 131%17?71 |bit1 — by B, Z;z Di — <Pn Z;zpi (1.4)
1= 1=

1 — 1 — 1 —
>~ Pn ;1 PiQ;0; Pn ;1 Dia; Pn ;1 Di0;
n

n 2
1 9 1 .
< max |aj+1 —a;] max |bip1 —bi| | = g p; — | —=— E p;
1<i<n—1 1<i<n—1 P, 4 ~ P, 4 -
1= 1=

If there exists the numbers a, ai, r, r1, (rr1 > 0) such that a = a+kr and by = a1 +kry,
then in (1.4) the equality holds.

In particular, if p; = %, then by (1.4) we derive

< — (n? _ ; o — . ; b )
0< 13 (n 1) lglzjr%lrrll_l lait1 — ag 1%’22—1 |bit1 — by (1.5)
1 2
< _ i — . b
< 33 (W —1) max laiy —ail max b1 —bil,
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for a, b two monotonic n-tuples in the same sense.

For a bounded linear operator A in the complex Hilbert space H we define the operator
modulus |A] := (A*A)'/2,

In order to extend these results for p-Schatten norms we need the following prepara-
tions.

Let (H;(.,.)) be a complex Hilbert space and B (H) the Banach algebra of all bounded
linear operators on H. If {e;},.; an orthonormal basis of H, we say that A € B (H) is of
trace class if

1Al = (|Ales, e5) < oo (1.6)
i€l
The definition of || Al|; does not depend on the choice of the orthonormal basis {e;}, ;-
We denote by By (H) the set of trace class operators in B(H).
We define the trace of a trace class operator A € By (H) to be

tr(A) =) (Aee;), (1.7)
icl
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual defi-
nition of the trace if H is finite-dimensional. We observe that the series (1.7) converges
absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 1.3. We have:
(i) If A€ By (H) then A* € By (H) and

tr (A*) = tr (A); (1.8)
(i) If A€ B1 (H) and T € B(H), then AT, TA € B (H) and
tr (AT) = tr (T A) and [tr (AT)| < [|A[|, |T; (1.9)

(113) tr (+) is a bounded linear functional on By (H) with ||tr]| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA) ;
(v) Byin (H) , the space of operators of finite rank, is a dense subspace of By (H).

An operator A € B(H) is said to belong to the von Neumann-Schatten class By, (H),
1 < p < o if the p-Schatten norm is finite [14, p. 60-64]

1], = [tr (JAP)]Y? < oc.
For 1 < p < ¢ < oo we have that
Bi(H)CB,(H)CB,(H)CB(H) (1.10)
and

[l = [[All, = 1All, = A1 (1.11)
For p > 1 the functional [|-[|, is a norm on the x-ideal B, (H) and (Bp (H), HHp) is a

Banach space.
Also, see for instance [14, p. 60-64],

[All, = 1A%, A € B, (H) (1.12)
IABIl, < | All, IBll,, A, B € B, (H) (1.13)

Copyright ©) by Premier Transactions Press.
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and
IABI, < [lAll, IBIl, [IBA]l, < |BIIAl,, A€ By(H), BeB(H). (1.14)
This implies that
ICAB|, < [CI[IAll, I BIl, A€ By(H), B, CeB(H). (1.15)
In terms of p-Schatten norm we have the Hélder inequality for p, ¢ > 1 with %—l—% =1
(Itr (AB)[ <) [[ABl, < [|All,, |Bll,, A€ By, (H), BBy (H). (1.16)
For the theory of trace functionals and their applications the reader is referred to [13]
and [14].
For some classical trace inequalities see [7], [8], and [12], which are continuations of
the work of Bellman [1].
Motivated by the above numerical inequalities that provide upper bounds for the

Cebysev’s functional (1.2), in this paper we consider the noncommutative operator ver-
sion defined by

1 Z" 1 Z” 1 Z”
i=1 i=1 i=1

for A =(44,...,4,), B=(B,..,B,) € B(H) and provide several bounds for the p-
Schatten norm || Dy, (A, B)||,, with p > 1 in terms of forward difference defined by A4y, :=
A1 — A, 1<k<n—-1,n>2.

2. 1-SCHATTEN NORM INEQUALITIES

We can state the following result for the 1-Schatten norm:

Theorem 2.1. If A =(Ay,...,Ay) € (Bp (H))" and B =(By, ..., By) € (B, (H))" for p,
g>1 with%—l—%zl, then

| Dn (A, B)[l; < Dy (Vap, VBg) (2.1)
1rn 1rn n—1 n—1
- b] (1 - [2D kzl HAAkakZ:I 1A Bk,

1 n—1 n—1
k=1 k=1

IN

IN

where

n—1 n—1
Vap= (o, IAAL, s Y HAAka) and Vg gi= (0, IAB1 s Y ||ABk\|q> .
k=1 k=1

Copyright ©) by Premier Transactions Press.
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In particular, if A, B € (B2 (H))", then
| Dn (A, B)[l; < Dn (Va2 VB2) (2.2)

n—1 n—1
UGS
k=1 k=1
1 “-
T2 A4, Y IAB
k=1 k=1

Proof. Let us start with the following identity which can be proved by direct computation
for A =(Ay,...,Ap) € (By (H))" and B = (B4, ...,B,) € (B, (H))"

IN

Di(AB) =5 S (A - A) (B - B)= 5 S (A —A)(B-B). (23)

ij=1 1<i<j<n

The proof of the first equality in (2.3) follows by multiplying the brackets and then
summing over ¢ and j from 1 to n. The second equality is obvious by symmetry reasons
over the indices ¢ and j.

-1 -1
As i < j we can write that A; — A; = Z AAy and Bj — B; = Z AB;,. Using the
k=i k=i

generalized triangle inequality and the property (1.16) we have successively from (2.3)
that:

1D (A, Bl (2.4)

:% 3 ZAAkZABk gni > ZAAkZABk

1<i<j<n k=i 1 1<i<j<n || k=i
1
<Ly [Saa ZABk
1<i<j<n |l k=t p k=i
1
< > ZHAAkH ZHABkH

1<i<j<n k=i

= > (ZHAAkH lz::HAAka> (ji HABqu—S\ABqu)

1<z<]<n = k=1 k=1
n 7—1 i—1
ng Z (ZHAAkH ZHAAICH ) ( |ABll, _ZHABkH )
,j=1 k=1 k=1

= Dn(Vap, VBg) -

Observe that

7j—1 n—1
0< Y IAALl, <> AA,
k=1 k=1

Copyright ©) by Premier Transactions Press.
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and
n—1

7—1
0 <Y [IAB[l, <> ABk],
k=1 k=1

for all j € {1,....,n}.
Utilising the inequality (1.3) for VA and Vg we have

n—1 n—1
(0<) D (Vay VB < [ 5] (1 -2 [ZD S a4, Y IAB,
k=1 k=1

n

n—1 n—1

1

1 D IAALL Y IAB,
k=1 k=1

and by (2.4) we get (2.1). O

IN

We have for e =(1,2,...,n) that

and

Ig~y n+llgn,
D, (e,e) :25212— 5 2t
i=1 i=1

(n+1)(2n+1) (n+1)* 1 (- 1).

6 4 12

If we use the pre-Griiss inequality

|D,, (a,b)|? < D, (a,a) D, (b,b),

we get
1
|D,, (a,e))* < o (n? —1) D, (a,a). (2.5)
Ifr<a;<Rfori=1,..,n, then by (1.3) we have
1 n 1 n 2 1 2
<= - - |= —r)* <= (R—-r)°. :
Dy (aa) < = |7 <1 n[zD(R P <5 (R=7) (2.6)

By (2.5) and (2.6) we also have

Dy (a,0)? < % (n> — 1) Dy (a,a) (2.7)

Copyright ©) by Premier Transactions Press.
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provided that r < a; < R for ¢ = 1, ...,n. This implies that

Du(a.e) < 2 (a2 = 1) [D, (a2 (23)
<ot [ ()] @
< \1/5(712—1)1/2(]%—1").

Theorem 2.2. If A =(Ay,...,A,) € (Bp (H))" and B =(By, ..., By) € (B, (H))" for p,
qg>1 with%—i—%:l, then

1D A, < _max A4l Dy e V) 29)
< o184, % (2 = 1) D, (Vi Vs
L HEIGE [ZD]UZG{L w184, iuABkn
gf(m_l)mke{L i HAA,CH :ZiHABqu,

n—1
where VB 4:= (O, [ABl - kZ1 ||ABk||q>
(

In particular, if A, B € (B2 (H))", then

1Dn (A, B[} < peex_ [AAL]l; Dn (e, VB 2) (2.10)

V3, 1/2
< AALlo — —1
rela | 184, (n*—1)

(D), (VB2, VB2)]'/?

X

V3 9 121 [n 1 1/2
< XY= _ — 12 I g
<0 [ TE (-1 )

-1
IIAA AB

X e iax | k||2k 1|| kllo

\/§ 2 1/2 =
< - -1 |AA AB, .
=719 (n ) ke{fl, ’ kHQZ” kllo

k=1

Copyright ©) by Premier Transactions Press.
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Proof. We have by (2.4) that,

HDn(A,B)HlS 5 Y ZHAAku ZHABku (2.11)
1<Z<]<nk i
1 J-1
< s
S 3 1<Z (j—1) peh |AAk\| ST IAB,
Si<jsn k=1
1 j—1
< e IAA, ST G -0 Y IAB,
{’ o 1<i<j<n .
1
- AA - AB
n2 ke{l ..... H illp ”21 j—i ZH kllg
1 n
=3 ke{lm HAAkH Z (j—i <Z||ABk” —ZIIABkH )
..... zj 1
= AAg|l, Dr (e, V )
k‘e{fl, || k” (e, B,q)

The proof of the last equality in (2.11) follows by multiplying the brackets and then
summing over ¢ and j from 1 to n.
By (2.8) we derive

(0<)Dn (VB e) (2.12)
V3
<5 (02 =1)" D, (VB VB,)) 2
V3 5 121 n 1mn 1/2n71
< Y2 _ i __|Z
- 6 (n 1) [n [2} (1 n [J)] ;”ABqu
\/§ 12
< (=) AB,-
k=1
By making use of (2.11) and (2.12) we derive (2.9). O

More general bounds of Holder’s type for o, § > 1 with é + % = 1 can be obtained as
follows:

Copyright ©) by Premier Transactions Press.
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9

Theorem 2.3. If A =(Ay,...,Ay) € (Bp (H))" and B =(By, ..., By) € (B (H))" for p,

q>1wz’th%+%:1, thenfora,ﬁ>1withé—i—%:lwehave

1Dy (A, B)|l; < [Dn (Vapas )]/ [Dn (VBgse)]"’
< \gg (ng _ 1)1/2
% [Dy (VA pas Vapa)l/® Dy (VB g8, VB0 @7
\/g / n 1/2
<2015 (-2 [3])]

n

1 Ve /1 1/
||AAk||;:) ( ||ABk\§>
k=1

X
{_\
i~

\/g / n—1 Ve rpq 1/
1/2
< By (zumkug) (znwknﬂ) ,
k=1
where
Vapa= (o, IAALS ) HAAkH;‘>
k=1
and

n—1
Vi (0, 8B S AR

Proof. We have by (2.4) that

IDn (A B); <= > ZHAAku ZHABkH

1<7,<]<n k=i

By Hélder’s inequality for a, 8 > 1 with % =+ 3 = 1 we have that

1/a
Z [AAg, < (5 —1) )P (Z [AALNS )

and

j-1 j-1 /8
D IAB, < G- <Z HABkH§> ,
k=i k=i

which gives, by multiplication, that

1/a j—1 1/8
ZHAAkn ZHABkH (G —1) (ZHAAkn ) <ZIIABk!§> :
k=1

Then by (2.14) we get

1/a j—1
1
1Dn (A, Bl < —5 > G- (ZHAAkH ) (Z!ABquB)
k=i

1<i<j<n

/B

Copyright ©) by Premier Transactions Press.
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By using Holder’s weighted inequality for o, 8 > 1 with é + % =1 we get

1 Vo /i q 1/8
Ly J—z<znmkn) (zrmBkng) 216)
k=1

1<i<j<n
1/a7 @ 1/ 1818 1/8
1
<5002 G- (Z IAA| ) >ooG-i) (ZHABkHﬁ>
1<i<j<n 1<i<j<n
. i1 1/a 1/8
=3 Z (j —1) <ZHAA1<H > Z (J —1) (ZHABHW)
1<i<j<n 1<i<j<n
n -1 1/a 1/8
11 . a 11 8
e SNET) S IV R S ST ZHABkH
ij=1 k=i ij=1

= [Di (Vapa: )] [Dn (VB g.€)] 7.

By making use of (2.14)-(2.16) we derive the first inequality in (2.13).
By (2.8) we get

Dy (Vapae) < ? (n? = 1) [Da (Vapa Vaga)”’ (2.17)
V3 121 n 1 ny\1Y2 e o
<5 (-1 [n[z] (1‘n[zm D A4
k=1
V3 1/271_1 o
<45 (=177 A4,
k=1
and
3
Dy (VB.gp.€) < \6[ (0 = 1) [Da (VB VB g8)]” (2.18)
V3 121 n 1 n1\1Y/2
<g -0 TG (-] Sem
k=1
\/g n—1
< (=) 1A

Copyright ©) by Premier Transactions Press.
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Therefore

[Dy (Vapar €)Y [Dn (Ve g e)]”

<

IN

>3 =S

n—1

X
X\

k=1

S

IN

1

\V]

which proves the second

Remark 2.1. If

(n* - 1)1/2 [Di (VA pa Vapa)/® [Dn (Vs VBgs)] /7
/2
2y [Lrny (1]
(" =1) {n u (1 n[zD]
Ve rp g 1/8
HAAkH,‘}> <Z||A3k\|§>
k=1

n—1 Ve /n_1 1/8
1/2
(2~ 1) (2|AAku5) (szkng) |
k=1

k=1

part of (2.13).

n—1 n—1
Va2ai= (07 [LVH R IIAAk:IIS‘> and VB 2= <07 IABLy s ) IIABng) )
k=1 k=1

then for a, B > 1 with é

1Dn (A, B)], <
<

X

IN

X

IN

+%:1weh(we

[Dn (Va2 e)]l/a Dy, (VB 2,8, e)]l/ﬂ
(n2 _ 1) 1/2

(Vaza Vaza)]/® D, (Veags, Ve

>3

D

3
~—

o0 (L5 (-5 )]
(Z HAAka}) " (Z ||ABk\§> "

k=1 k=1

-[%

w

Copyright ©) by Premier Transactions Press.
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Now, if we take a = p and = q in (2.13), then we get

|Dn (A, B) | < [Dn (Vapg:e)]" [Dn (VB gq.€)] (2.:20)
(n2—1)"?

R HHICHE)
X (S \\AAM\?) " (S HABkHZ> N

<

>3

X |D

3

IN

>|%

k=1 k=1
n— 1/p n—1 1/q
\/§ 1/2 .
<=0 (Y naay) (Y aBdg)
k=1 k=1

By using the trace properties, we can state that

[tr (D, (A, B))] (2.21)

< \ég(nQ_l)l/Z E g (1_2 BD]IM
gon)] o)

k=1 k=1

1/q

X

1/q

IN

)

forp, q>1 with%—ké:l.
In particular, for p = q = 2 we get the trace inequality:

|tr (Dn (A, B))| (2.22)

< ? (n? —1)"/2 [; 7] (1_711 {me
[tr (; |AAk12> N [tr <kz IABk|2>
12 [tr (:z: ,ABkP)

3 n—1
< \1[ (n2 -1) 12 [tr (Z ]AAk]2>
k=1
3. p-SCHATTEN NORM INEQUALITIES

1/2

X

1/2

We also have:

Copyright ©) by Premier Transactions Press.
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Theorem 3.1. If A = (A4, ..., A4,) and B = (B4, ...,By) € (B, (H))" for p > 1, then

Dy (A, B)l,, < Dy (Vay, VB,) (3.1)
1rmn 1rmn n—1 n—1
< — |= R
<53 (1 n H) > 184, 3145,
<

1 n—1 n—1
1 > IAALL D IIAB,,
k=1 k=1

n—1 n—1
where V5 = (o, a4l 3 HAAka) and Vi = (0, |ABl s 5 ]]ABk\|p>.

Proof. As in the proof of Theorem 2.1 we have, by utilising property (1.13), that

1Dy (A, B)]], (3:2)
1 1
= 2 ZAAkZABk < > ZAAkZABk
1<i<j<n k=1 » 1<i<j<n || k=1
1 A
< Z ZAAk ZABk
1<i<j<n |l k=i p k=i
1
<3 > ZHAAk” ZHABkH
1<i<j<n k=i
i— Jj—1 i—1
k3 (S - Saa,) (Sian, - Sian,)
1<z<]<n = k=1 k=1 k=1
n i—1 7j—1 i—1
Z (ZHAAkH ZHAAICHP> ( HABka—ZHABka)
ij=1 k=1 k=1 k=1
=D, (Vap, VBy).
The rest follows as in the proof of Theorem 2.1 and we omit the details. O

By utilising a similar argument to the one in the proof of Theorem 2.2 we can state

Copyright ©) by Premier Transactions Press.
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Theorem 3.2. If A =(A4,...,A,) and B = (B4, ...,By) € (B, (H))" for p>1, then
IDa(AB, < _max | |A4], Du(e.Va,) 53)
< Y3 (- 1)” s A4, (D, (Vi Ve,
s ? o= L[5 (1 S
< [AA, Z AR,
< f (n* 1) 184, S la,.
e k=1
Finally, we have:
Theorem 3.3. If A =(Ay,...,A,) and B =(By, ..., By) € (B, (H))" for p > 1, then for

a,ﬁ>1withé+%:1weh(we

| Dn (A, B)|[, < [Dn
6
X [Dn (Vapas VAapa )]1/ ) D [D
\/g 2 1/2 n
< XY= Z
- 6 (n [n 2} (

n—1

1

A
5\%

where

(Vapa €)Y D, (Vs e)]?

k=1

1o n—1
IIAAkIIff> >

k=1

(3.4)

(VB,p B VB,p B)] 1/(26)

)

1/8
IIABkHﬁ>

1/a n—1 1/8
HAAkH,‘;“) (Z ||ABk||£> :
k=1

n—1 n—1
Vapa= (07 IAAS 0 HAAkHZ‘> » VBpg'= (07 IAB > HABkH§> :
k=1 k=1

Copyright ©) by Premier Transactions Press.
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We observe that for a« = 8 = 2 we derive the inequality

1Dy (A, B)|,, < [Dn (Vapz2.e)]? [Dn (VB2 e)]"? (3.5)
< V3 (n2—1)"
6

X [Dn (Vap2, Vap2)]* [Dn (VB o, Ve o))/t

e GG (B

n—1 1/2 n—1 1/2
( IAAL]? > IIAB

IN

>3

X
k=1 k=1
_ 1/2 _1 1/2
\/g 12 n—1 ) n )
<= (S aaz) (Y 1am?
k=1 k=1
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